EMall LSPDE

Example Sheet 1 solutions: Fourier series
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2(a) We seek

f(t) ~ % + i[an cos(nt) + by, sin(nt)]

n=1

where
i

—/ )cos(nt)dt, b, = 1/ f(t)sin(nt)dt .

T J—7

We have f(t) =t which is an odd function. Hence a,, = 0, including the constant term ay. We
calculate the b, through integration by parts

1 ™
= — tsin(nt)dt
7T/—7r sin(nt)

= 71r (UL cos(nt)} :r - /_7; Tll Cos(nt)dt>

= Li cos(nt) + nlz sm(nt)rTr
= [712 cos(mr)} — {_n cos(—mr)}

= icos(mr) = ;(—1)”

2(b) This is an even function. Hence in this case we have b, = 0. We get

2(c)

1 s
P f/ |t|dt:/ ——dt+/ Lat
™ J—m —
t2 0 t2 T
B lz“M
- +[31+[3
N 2 2
= 7.

and, upon integration by parts we get

1 0 g
a, = —/ |t| cos(nt)dt :/ —tcos(nt)dt+/ ECOS(”t)dt
mwJ—7 -7 0o 7T

™

t 0 1 t T 1
= {— sin(nt)} + [ O0—sin(nt)dt + { sin(nt)] - /7?— sin(nt)dt
nm S nm o Jo nm

_ {t sin(nt) + nlw cos(m&)}ir + {t sin(nt) + L coS(nt)I)r

— n217r2(_[1] + [cos(nm)] + [cos(nm)] — [1])
e

1 ™
b, = —/ f(t) sin(nt)dt

= ({n cos(nt) } / — cos mf)dt)
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an

™

1 [:L cos(nt) + L sm(nt)]

T n? 0
1 -1

— cos(nm) = (=1)

n n

ag = 1/7T f(t)dt

+ [t Sin(nt)]z — /07r1 sin(nt)dt

t 1 g
— sl t —_— t
[mr sin(nt) + o cos(n )}0

1

n2m2

(=1 + cos(nt)) = (=1)"=1)

n2m2

3 Note that the function in part (c) is (1/2)(|t| + t). Therefore its Fourier series should be the sum
of half the Fourier series of |¢| and ¢.

4(a) This is an odd function, so a, = 0. Hence we only need to compte the b,’s.

4(b)

by, s t
T/ in(nw

where T = 2 and w = % — 7. Hence
b = [ 7@)sin(umt)at
— [ Ol—sin(mrt)dt—l— /0 ' sin(nmt)dt
_ {nlﬂ cos(mrt)}: - {nlw Cos(mrt)I)
_ nlﬂ(m — [eos(—nm)] = [cos(n)] + [1])
= (- (1))

- /1 F(t)dt

0 1
_ / —1dt+/ 9t
—1 0

= [—t)2, + [2t]g
= —142=1
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0 1
a, = / —cos(mrt)dt—i—/ 2 cos(nmt)dt
-1 0

_ nlﬁ ([ sin(nmt)], + [2sin(nrt)]2)

= 0 because sin(mn) = 0 for all m

0 1
b, = / —sin(mrt)dt+/ 2sin(nrt)dt
-1 0

= 71177 ([cos(mrt)](ll +[-2 cos(mrt)]g)

= (1)~ feos(—nm)] — [2cos(—nm)] +[2)
= 2

o = /_llf(t)dt
= /0 "t
- [s),
= 1/3
a, = /Oltzcos(mrt)dt
= [(#*/n7)sin(nmt)] — /01(2t/n7r) sin(nmt)dt

= [(t*/n7)sin(nmt)]§ + [(2t/n*7?) cos(nnt)]g — /01(2/7127r2) cos(nmt)dt
= [(t*/nnm)sin(nzt) + (2t/n*7?) cos(nmt) — (2/n7?) sin(nnt)]}
—[(2/n2) cos(nm)] — [0] = 2421

n2m2

b, = /01 t* sin(nmt)dt
— [ (&/nm) cos(nmt)]} + /O (2t /) cos(nt) dt

= [~(t*/n7)sin(n7t)]} —|—[(2t/n27r2)sin(n7rt)](1)—/{)1(2/n27r2)sin(n7rt)dt
= [—(t*/n7) cos(nzt) + (2t /n*7?) sin(nnt) 4+ (2/n7?) cos(nmt)]}
— [ (1/nPr) cos(nm) + (2/n*%) cos(nm)] — [2/n57"

—2(=1)" + 2+ 2n*x? (=1)" — n’n?

/_T; sin(mt) cos(nt)dt = /_7; ;(sin[(m + n)t] + sin[(m — n)t])dt

cos(m — n)t))} .

[ 1( L (m+n)t+
= — = cos{m n
2\m+n

= 0 provided m # n.
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If m = n then

0 T —]
/ sin(mt) cos(mt)dt = / 7sin(2mt)dt

—T —T

( sin(m + n)t +
m-+n m—n

provided m # n.

/7; cos(mt) cos(nt)dt = /, ; (cos[(m + n)t] + cos[(m — n)t])dt
B sin(m — nﬁ))} o
0

If m = n then
T T 1
/ cos*(mt)dt = 5(1 + cos(2mt))dt

B 7r(t + 2171 sin(2m)t)]

—T

|
ﬂl_|
DN | —

O
6(a) To find the Fourier sin(t) series we set use L = m and set
2 :
b, = —/ sin(nt) sin(t)dt
7 Jo

_ i/O” > (cosl(n — 1)f] +cos[(n + 1)])di
e ! ”

— g sl = i+ = sinl(n + 1) 0

= 0 provided n # 1.
If n =1 we have
i sin®(t)dt
1
(1 + cos(2t)) dt

2
+(1/2) cos(2t)]5

o\}lo\

—
~+

=N = o |

Now one might imagine that the cosine seris is zero. But this is not true. This is because
we are taking a half-range cosine series which is really the Fourier approtimation to the even
function |sin(t)|



So we get

ag = 72r OF sin(t)dt
= [ cos(t)
_ 4
a, = 72r OW sin(t) cos(nt)dt
_ i(fmmn+nﬂ—amm—1mﬁ
= 71r [_n—ll— . cos[(n + 1)t] + - i | cos|(n — 1)15]Kdt
1 1 1 1 1 n+1
- ﬂ(h—l_n+1y_Kn—1_n+l>FD >
2
= [1+(=1)"]

m(n—1)(n+1)

6(b) Here the function is specified on the interval L = a and so w = T = Z. So for the cosine

half-range etpansion we get
2 a
a0 = i/f@ﬁ
aJo
2 o/

2 2 a
- f/ uﬁ+f/ a— tdt
a Jo a Ja/2

2 2

a/2 a
= /257 + Slat — /203,

2(, a’>  a?
— gur ¢
<a + 1 8)

2 [a t
a, = f/ f(t) cos <n77) dt
0 a
2 [a/2 t 2 (o t
= / t cos (mr) dtf/ (a — 1) cos (mr) dt
0 a a Jas2 a
( at . (nmwt\]%? a2 q  /nmt
{ sin <>} — / — sin <> dt
nm a /lo 0o nm a



2 ra/2 2 ra
= / t sin (mrt) dt— / (a —t)sin (mrt) dt
0 a a Jaj2 a

< at nat\ %2 a/2 q nmt
[—cos( )] —|—/ cos( )dt

nmw a /lo 0 nmw a

2 — ¢ a
—= (la(a H cos (nmﬁ)] + / < cos <n7rt) dt)

a nm a a/2 NT a

a/2
a/2

< ) n27r2 sin (n;rt)]o
_2 [a(a—t cos< > n27r2 sin (n;rtﬂa/g

= [—cos(mr/2)] + [ 2a } - { 2 cos(mr)} - Lj; cos(mr/2)}

nm n2m? n2m2
—4a n
= (=1)")

n2m?

7(a) Plotting the even (left-hand plot) and odd (right-hand) extensions of f
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we see immediately that the even extension leads to a smooth function, whereas the odd
extension leads to a function with jumps (discontinuities). Recalling that the convergence of
Fourier series is slower at discontinuitites and leads to the Gibb’s phenomenon (overshoot),
we would naturally choose to represent the odd extension of the function. Hence we opt for a
Fourier cosine series.



Here we have L =1 and w = 7/L = 7. Hence we have

1
a :2/0 (265 — 32 + 1)t = [(#*/2) — 2 + 1)L = 1

1
a, = / (2t* — 3t? + 1) cos(nmt)dt
0

= after integration by parts 3 times

_ s n3m3t3sin (n7t) + 3n?r2t? cos (nmt) — 6 cos(nmt) —6nmitsin(nrt) n?m?t?sin (n 7
B n3m3 3

= after realising that most of these terms evaluate to 0

1—(=1)"

= a,=24
nimd

7(b) Plotting the even (left-hand plot) and odd (right-hand) extensions of f

X

we see immediately that the even extension leads to a function with corners (jumps in the
slope of the graph) whereas the odd extension leads to a smooth function. Recalling that the
convergence of Fourier series is slower at sharp corners, we would naturally choose to represent
the odd extension of the function. Hence we opt for a Fourier sine series.

Here L=2sow =n/L =7/2
Hence
2
by = / F(£) sin(nmt/2)dt
0

- | (3¢ — 242) sin(nt /2)dt + / "2 — ) sin(nrt/2)dt

_ 19 [—2n7r cos(1/2ntr) — 2 sin (1/2ntr) +ntr (:os(l/2nt7r)]1
0

n2m?

[2 —2nmcos(1/2nmt) —2sin(1/2nmt) —i—n7rtcos(1/2n7rt)]2
(1 — cos(nm/2))

n33

= 32




